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Abstract

Continuous time models are well known in sociology through the pioneer-
ing work of |Simon| (1952);|Coleman| (1968)); Doreian and Hummon| (1976, |1979))
and others. Although they have the theoretical merit in modeling time as a
flowing phenomenon, the empirical application is more difficult in comparison
to time series models. This is in part due to the difficulty in computing likeli-
hood functions for sampled, discrete time measurements (daily, weekly etc.),
as they occur in empirical research.

With large sampling intervals, one cannot simply replace differentials by
differences, since then one obtains strongly biased estimates of structural pa-
rameters. Instead one has to consider the exact transition probabilities be-
tween the times of measurement. Even in the linear case, these probabilities
are nonlinear functions of the structural parameter matrices with respective
identification and embedding problems (Hamerle et al.; [1991)).

For nonlinear systems, additional problems occur due to the impossibility
of computing analytical transition probabilities for most models. There are
competing numerical methods based on nonlinear filtering, partial differential
equations, integral representations, Monte Carlo and Bayesian approaches.

We compute the likelihood function of a nonlinear continuous-discrete
state space model (continuous time dynamics of latent variables, discrete time
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noisy measurements) by using a functional integral representation. The un-
observed state vectors are integrated out in order to obtain the marginal
distribution of the measurements.

The infinite-dimensional integration is evaluated by Monte Carlo simula-
tion with importance sampling. Using a Langevin equation with Metropolis
mechanism, it is possible to draw random vectors from the exact importance
distribution, although the normalization constant (the desired likelihood func-
tion) is unknown. We discuss several methods of estimating the importance
distribution. Most importantly, we obtain smooth likelihood surfaces which
facilitates the usage of quasi Newton algorithms for determinating the ML
estimates. The proposed Monte Carlo method is compared with Kalman fil-
tering and analytical approaches using the Fokker-Planck equation.

More generally, one can compute functionals of diffusion processes such as
option prices or the Feynman-Kac formula in quantum theory.

Key Words:

- Stochastic Differential Equations - Nonlinear continuous-discrete state space
model - Simulated Maximum Likelihood - Langevin Importance Sampling

1 Introduction

Theoretical work in sociology and economics frequently uses dynamical specifica-
tions in continuous time, formulated in the language of deterministic or stochastic
differential equations. On the other hand, econometric estimation methods for the
structural parameters of these equations are often formulated in discrete time (time
series and panel models). This is mostly due to the fact, that measurements are
usually given at discrete time points (daily, weekly, monthly etc.). As long as the
sampling intervals are small, there seems to be no problem, since differential equa-
tions can be discretized (Kloeden and Platen; [1999). However, for large intervals,
these approximations involve large errors. Therefore, one should distinguish between
a dynamically relevant (discretization) interval §¢ and a measurement interval At.
Conventional time series and panel analysis can be viewed as setting these intervals
equal, whereas differential equation models consider the limit 6t — 0.

In this paper we follow the intermediate approach, that 0t is so small, that the
involved approximations are reasonably good, but the computational demand is
tractable. The states between the measurements are treated as missing. Therefore a
measurement model is introduced, which also can accomodate errors of measurement
(errors in variables) and unobserved components. This concept can be used both in
a Kalman filter or a structural equations context (Singer; 1995} 2007, |2012).

In the case of nonlinear dynamics, one can use recursive filter equations, which allow
both the computation of estimates of latent (nonobserved) states and the likelihood
function, thus permitting maximum likelihood estimation. Unfortunately, in Monte
Carlo implementations of this approach, the simulated likelihood is not always a



smooth function of the parameters, thus Newton-type optimization algorithms may
run into difficulties (cf. Pitt; 2002; Singer; 2003).

In this paper, we use alternatively a nonrecursive approach to compute the likelihood
function. The probability density of the measurements is obtained after integrating
out all latent, unobserved states. This integration is achieved by a Markov chain
Monte Carlo (MCMC) method, called Langevin sampling (Roberts and Stramer;
2002)). The efficiency of the integration is improved by using importance sampling
(cf. Durham and Gallant; 2002). Although the importance density is only known
up to a factor, one can draw a random sample from this distribution and obtain an
estimate therof. This will lead to a variance reduced MC computation of the desired
likelihood function. An analogous approach can be used to compute functionals
occuring in finance and quantum mechanics.

2 State Space Models

2.1 Nonlinear continuous/discrete state space model

The nonlinear continuous/discrete state space model (Jazwinski; 1970)) consists of a
dynamic equation and a measurement equation

dY (t) = f(Y(t),t)dt+ g(Y(t),t)dW(t) (1)
Z; = h(Yi,t)+e (2)
i = 0.7,

where the states Y'(t) € RP can be measured only a certain discrete time points ;.
This is the usual case in empirical research. In the equations, we encounter

e nonlinear drift and diffusion functions f,g and an output function h which
depend on a parameter vector ¢ € R*, i.e. f = f(Y(t),t,v)

e and use It6 calculus in the case of nonlinear diffusion functions g(Y').

e Spatial models for the random field Y'(z,t) can be treated by setting Y,,(t) =
Y(xp,t), 2, € R4n = 1,....p (see fig. [1). Note that not all Y (z,,t) are
necessarily observable (see Singer; [2011]).
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Figure 1: Nonlinear spatial model (Ginzburg-Landau equation) for Y (x,,,t).

2.2 Linear stochastic differential equations (LSDE)

An important special case is the system of linear stochastic differential equations

(LSDE, [Singer} [1990) with initial condition Y (f5) and solution
AY(t) = AY(t)dt+ GdW (1)
t
Y(t) = A0y (t) —I-/ A=) GAW (s).

to
In the equations, we use

e the Wiener process W(t,w) € R", a continuous time random walk (Brownian
motion),

e from which we can derive the Gaussian white noise dW/dt = ((t) with auto-
covariance E[C(t)('(s)] = d(t — s)I,.

o A€ RPPand G € RP" are called drift matrix and diffusion matrix, respectively.

e The exact discrete model (EDM) valid at times t = ;41,9 = t; is due to
Bergstrom| (1976, [1988))

2.3 Exact discrete model (EDM)

At the times of measurement (¢t = t;,1,tp = t;), we obtain a restricted VAR(1)
autoregression (Bergstrom) 1976, 1988))

tit1
Vi = Aty [ At gaws), 3)
t

i
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accumulated interaction Dt= 2

accumulated interaction Dt = 4

Figure 5: 3-variables-model: Product representation of matrix exponential within the
measurement interval At = 2. Latent states 7);, discretization interval 6t = 2/4=0.5

(Singer; 2012)
abbeviated as
Yiqin = P(tiy1, )Y+
In this equation, we use the notation

e ¢ (fundamental matrix of the system),
e Y, :=Y(t;) are the 'sampled’ measurements and

o At; :=t;;1 —t; is the sampling (measurement) interval.

3 State and parameter estimation

3.1 Exact continuous-discrete filter

Central to the treatment of dynamic state space models is the recursive estimation
of the latent states Y'(t). We describe their probability distribution by conditional

6
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Figure 6: 3-variables-model: time dependency of the discrete time parameter matrices

A*(At) = exp(AAt) form the sampling interval A¢t. Matrix elements Af,, A%, A,
(red, yellow, green).

densities p(y;|Z?), given measurements up to time ¢; (i = 0,...,7 — 1). Then one
gets the recursive sequence (Bayes filter)

Time update (prediction):
piet|2) = [ Dol 200127

Measurement update (Bayes formula):

p(zit1 ‘yi+l> Zi)p(yi—i-l \Zl)
p(zip1|Z7)

pyin|2™) =
Conditional Likelihood:

p(zia|2") = /P(Zi+1|yz‘+1,Zi)P(yi+1|Zi)dyz’+1
with the nomenclature

e p(yir1|Z"): a priori probability density
o p(y;r1|Z1): a posteriori probability density; including a new measurement 7,
o 7' ={Z(t;)|t; < t;}: observations up to time t;, Z; := Z(t;)

o p(z;11]|Z"): (conditional) likelihood function of observation Z; 1 = z;,1.



From this, one can compute the so called prediction error decomposition (recursive
likelihood function of all observations; Schweppe,[1965))

T

p(ar, .oy 2030) = Hp(2i+1|Zi) p(20)- (4)

=0

4 Parameter Estimation

In empirical applications in the social sciences, usually the parameter vector ¢ is
unknown and cannot be measured separately from the observations Z;. One can
either use for maximum likelihood (ML) parameter estimation (Singer; 1995,
2015) or utilize a nonrecursive formula based on the representation

p(sz--wZo;?/)) = /p(zcn---,Zo|yT>-~-ayo)p<?JT,---,yo)dyo--d?JT- (5)

Using this formula, we have

a high dimensional integration over latent variables

e and a smooth dependence on the parameter vector ¢: L(v¢)) = p(z;1).

However, the joint density p(yr, ..., yo) = p(yr|yr—1)-...p(Y1|v0)p(y0)

is in most cases not explicitly known, due to the (long) sampling interval At;.

In particular, the transition density p(yir1|y:) := p(yiv1, At;|y;) is difficult to
compute.

One could use the method of |Ait-Sahalia| (2002, [2008)T] or [Li (2013) to obtain an
asymptotic expansion of p. A more simple approach is the so called Euler transition
density, which is valid over short time intervals, or the so called local linearization
(LL) method, which is exact for linear systems (Shoji and Ozaki; 1998b). The latter
methods have the advantage, that the density approximation integrates to unity (cf.
Stramer et al.; 2010)).

In this paper, we compute the likelihood function as input to a quasi-Newton op-
timization algorithm, whereas [Stramer et al.| (2010) directly sample from the pos-
terior density. The latter algorithm may run into difficulties for small ¢, since the
quadratic variation dy? = g(y,1)?dt of the latent states contains the diffusion pa-
rameters. A remedy is the method of transformations (Roberts and Stramer; 2001}
Dargatz; 2010) or the usage of good approximations of p(y;1, At;|y;) over the finite
sampling interval At;.

Lonly for reducible diffusions



In the likelihood approach , the sampling problem for the diffusion parameters
does not occur. We perform the integration by using additional latent variables 7;

(see fig. [H))

yr = NJjy----- »To = Yo
Yi = 1y,
i = 0 = (tr—t0) /0t i =0, T,

which is a data augmentation algorithm (Tanner and Wongj; (1987 Tanner; 1996)).

4.1 Integration

Inserting the latent states 7); into equation ([5) we obtain the integral representation

p(ar, - 20) = /p(ZT,---,Zolm,---,Uo)p(m,---,no)dn (6)
= B[p(er.om ol )] @
with notation 7;, = y(¢;) := y; at the measurement times ;. Now we have an

even higher dimensional integration over latent variables, which is performed by
simulation using Markov Chain Monte Carlo (MCMC).

For small discretization interval ot one can use the so called Euler density
P(Mj+1, 6t nj1) = G(mja;m + f30t,;01),

setting f; == f(n;,75),Q; = (99')(n;,7;). It is typically much smaller than the
measurement interval At (Singer; [1995)). At this point, if better approximations for
p (e.g. Li; 2013, loc. cit.) are used, we can choose a larger §t leading to a smaller
dimension of the latent state.

Replacing the expectation value by a mean value, we obtain a MC estimator for
the desired likelihood function, i.e.

pler, ..., 20) = L™ ZP(ZT, e 20( 115 -5 o1 (8)
!

However, this estimator is extremely inefficient, since most samples (trajectories)
(M1 .-y mor) yield very small contributions p(z7, ..., 20|71, ..., or). One may imagine,
that most trajectories are far from the given measurements.

4.1.1 Importance Sampling

We use the well known method of importance sampling (Kloeden and Platen; |{1999)
to get a variance reduced MC integration of the form

per oz = [ () 2y ©)

p2(n)



where

e 5 is the so called importance density with optimal choice:

® D2 optimal = £ p(2) = p(77|z)

e the integration @ is performed by averaging over a random field with
equilibrium distribution ps optimar, 1-€.

n =n(t,u,w): t = true time, u = simulation time.

Actually, we use a finite dimensional approximation n(u) = n;(u) = n(7;, u),
j=0,...,J, on a time grid 7; = jot.

However, p(z) is unknown (it is the desired quantity).

4.2 Langevin Sampling

Fortunately, we can sample from ps sptimar, although p(z) is unknown.

Using the so called Langevin equation (Langevinj |1908; |[Roberts and Stramer; 2002)
dn(u) = (9,1og p(n]2)) (n(w))du + V2 dW (u), (10)

we can simulate states 7(u) which stem from the desired distribution ps eptimai-

If the dynamical system described by is in equilibrium (stationary state) we
get the results:

e The stationary distribution of conditional latent states n(u) is given by
Pstar(17) = p(n|2) = lim p(n, w).

e It can be written as pgq(n) = e~ = p(n\z)

e The drift function in is the negative gradient of a "potential’

®(n) = —logp(n|z) (11)
—0,®(n) = 0yllogp(z|n) +logp(n) —logp(z)]. (12)

Thus we can sample from p(n|z) and p(z) is not needed.

e As a by-product, optimal nonlinear smoothing

n(u) ~ p(n|z) in equilibrium u — oo, can be performed.

10



The concept of a 'potential’ (e.g. electrostatic or gravitational) is borrowed from
physics and we can understand equation as the overdamped random movement
of a fictious high dimensional object in a force field given by the negative gradient
(Nelson; [1967). Of course, the coordinate vector n = (ng,...,ns); J = (tr — to) /ot is
infinite dimensional in the continuuum limit ¢ — 0. For an analytical computation
of the drift function in (10, see Reznikoff and Vanden-Eijnden| (2005)); Hairer et al.
(2007); Singer| (2016).

4.3 Simulated Likelihood

Summarizing, we compute the simulated likelihood using variance reduced MC-
integration by the formula

o) = L7 S plelm) L (13)

where

e 1, ~ p(n|z), if the Langevin equation (10]) is in an stationary (equilibrium)
state.

e We draw optimal samples 7, = n(v;) from the Euler-discretized Langevin equa-
tion (including a Metropolis-Hastings mechanism). This ensures that appro-
ximation errors are compensated (Roberts and Stramer; 2002). Actually, we
use an Ozaki scheme which is exact for linear systems (Ozaki; 1985).

p(z|n)p(n)

e However, ps optimal = = p(n|z) cannot be computed, because p(z) is

unknown.

We attempt to estimate ps = p(n|z) from the simulated data n, ~ p(n|z).

Estimation of the importance density can be performed in several ways, including:

e Use known (suboptimal) reference density
p2 = po(nl2) = po(z[n)po(n)/po(2)
e Use kernel density estimate

p(nlz) = L1 Z k(n — n;; smoothing parameter) (14)
I

Problem:

— high dimensional state 7,

— no structure imposed on p(n|z)

11



4.4 Estimation of importance density

We use the Markov structure of the (Euler discretized) state space model

nj+1 = f(0;)6t + g(n;)oW;
zi = hyi)+e

and the Bayes formula
p(lz) = p(nslns-1, 10, 2) P11, -, M0 2)-
Now it can be shown that 7; is a conditional Markov process
p(Mj+1[njs im0, 2) = p(Njs|nj, 2). (15)

To see this, we use the conditional independence of the past 2* = (zo,..., ;) and
future ' = (241, ...27) given 1/. One obtains

pnjaln’, 2, 2) = pnialn’,z') = p(njln;, 2)
) = p(njs1ln;, Z")

i< ] <Jiqt

since

(i) the transition density p(n;i1|7/, 2%, z%) is independent of past measurements,
given the past true states, and only the last state n; must be considered (Mar-
kov process).

(ii) the transition density p(n;+1|n;, 2%, 2%) is independent of past measurements.

Thus we have p(n;1]n’, 2, 2') = p(nja|n;, 2, 2') W

For the estimation of importance density (15]), two methods are discussed:

4.4.1 Euler transition kernel with modified drift

e Euler density (discretization interval §t)
P(nj+1,0t[n;) = d(nja; 5 + f30t,€;61)
e modified drift and diffusion matrix (conditional Euler density)
P11, 0115, 2) = d(nja;m; + (5 + 030t (25 + 092;)0t) (16)

e nonlinear regression for ¢ f; and 4€2;: parametric and nonparametric

12



4.4.2 Kernel density estimation

conditional transition density

p(nj+1,7512)

P(Nj1, 0t )10y, 2) = (17)
’ ’ p(n;12)

e estimate joint density p(n;41,7;|2) and p(n;|2)

with kernel density estimates

e variant: use Gaussian ¢(1;41,7;]2) and ¢(n;|z) instead.

In both cases, data n; = n(7;,w;) ~ p(n|z) are drawn from Langevin equation (|10]).

5 Examples

5.1 Geometrical Brownian motion (GBM)

The SDE
dy(t) = py()dt + oy(t) dW(t)

is the best known model for stock prices. It was used by Black and Scholes| (1973)
for modeling option prices, contains a multiplicative noise term ydW and is thus
bilinear. The form

dy(t)/y(t) = pdt + o dW (t)/dt
shows, that the simple returns are given by a constant value udt plus white noise.

In summary, we have the properties:

e log returns: set x = logy, use Itd’s lemma
dr = dy/y+ 1/2(—y?)dy* = (u — 0?/2)dt + cdW

e exact solution: multiplicative exact discrete model

y(t) = y(to)e(u—a2/2)(t—to)+a[vv(t)—W(to)]

e cxact transition density (log-normal distribution)
Py, tlyo. to) =y~ ¢ (log(y/vo): (n — 0*/2)(t — to), o™ (t — 1))

The model was simulated using p = 0.07,0 = 0.02 and 6t = 1/365. Only monthly
data were used (fig. . We obtain a smooth likelihood surface with small appro-
ximation error (fig. @ Clearly, the usage of the full kernel density yields bad
results (fig. [L0). On the other hand, the representation (17) works very well (fig.

One can also use a gaussian density or a linear GLS estimation of the drift
correction ¢ f; and diffusion correction 6€2; (see eqn. [16]). If the diffusion matrix is
not corrected, biased estimates occur (fig. [13).

13
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Figure 7: Geometrical Brownian motion: Trajectory and log returns. Vertical lines:
measurement times.
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trajectory n;(w;) over u;, autocorrelation of 7, (), trajectory n;(u;) over j, mean 7; =
L7137, nj(w;) £ standard deviation (smoothed trajectory), convergence of estimator
p(z) (eqn. , acceptance probability and rejection indicator for Metropolis algorithm.
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5.2 Cameron-Martin formula

The functional of the Wiener process

E[efg Jr W(t)th] _ 1/\/m 1

was computed analytically by (Cameron and Martin (1945); Gelfand and Yaglom

(1960). It contains infinitely many coordinates W (¢),0 < ¢ < T. Here a numer-

ical solution is compared with the exact formula (fig. . Instead of the output

function p(z|y) in eqn. for the likelihood simulation, we use the functional
2

H=e¢%l W(t)th, but the importance sampling method applies in the same way.

2 \T/6t—1 ]
A discretized version of the functional is H = e~z 2%0 W(tﬂ)%t, n; = Wi(t;).

Clearly, ps oprimat(n) = H(n)p(n)/ [ H(n)p(n)dn is a probability density, but not a
conditional density.

The output of the Langevin sampler is shown in fig. [I4] Since

o T/6t—1
log H = —3 Z nj2- ot, (19)
=0

and W (t) is Gaussian, we have a quadratic potential ® and a linear force —0,® in
the Langevin equation . This leads to an acceptance rate of a = 1, since we use
an Ozaki-type integration method (Ozaki; [1985))(fig. [14] bottom, right).

In fig. [15] the expectation value is shown as function of 7. One gets an estimate
with very low variance in a small number of replications L. If {2 is not corrected
(eqn. [16), the sampling is biased again (fig. [15] right). The relative simulation error
is about 1%.

16
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Figure 14: Cameron-Martin formula.

Simulation using a conditionally gaussian importance density. T = 1,\ = 1,dt =
0.1 and L = 500 replications. Exact value 1/4/cosh(1) = 0.805018. From top left:
(11): trajectories n(w;),l = 0,...,L, (12) autocorrelation of 7,(u;), (13) trajectories
nj(w),j = 0,...,.J, bottom left: (21) Convergence of estimate H(u;) over u;, (22)
log pa(uy), (23) Acceptance probability a(w;).
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Figure 15: Expectation value as a function of 7. Right: 2 = fix and biased estimates.
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5.3 Feynman-Kac-formula
The Schridinger equation (in imaginary time)]
U = %um — ¢(2)u,

with initial condition u(z,t = 0) = §(z—=z) and quadratic potential (linear oscillator)

can be solved by the Feynman-Kac-formula

u(z,t) = E, [e_é Jo W ()*du (W (t) — z)] =

v exp gl [
27 sinh(7t) 2sinh(7t)

21z — (2% + 2%) cosh(vt)}) (20)

(Borodin and Salminen; 2002; |[Feynman and Hibbs; [1965). Here E, is a conditional
expectation value with W (0) = z. More generally, one can include a drift term
f(x)u, (see, e.g. [Singer; [2014)). This describes systems with magnetic fields (see,
e.g. |Gelfand and Yaglom; 1960) and option pricing in finance (Black and Scholes;
11973; |Cox and Ross; [1976). Moreover, setting ¢ = 0, one can compute the transition
density p(z,t|z,0). Again, the Langevin sampler yields very accurate estimates
(fig. . Importance sampling is accomplished by simulating trajectories passing
through W(t) = z (fig. first row, right picture).

1.05274

Figure 16: Langevin sampler for the Feynman-Kac-formula.

%actually, one has iu, = —Luz, + ¢(x)ust =it
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Cameron-Martin formula, Langevin sampling, dt 0.01
T T T T T

0.25} P

L L L L L L L
1.0 0.5 0.0 0.5 1.0 1.5 2.0

z

Figure 17: Expectation value as a functionof z, z=1,t =1, v = 1.

6 Conclusion

Using a Langevin sampler combined with an estimated importance density we are
able to compute

e a smooth (w.r.t. parameters) likelihood simulation for nonlinear continuous-
discrete state space models.

e perform nonlinear smoothing of latent variables between measurements.

e perform variance reduced MC estimation of functional integrals in finance,
statistics and quantum theory (Feynman-Kac formula).

The insertion of latent variables has the disadvantage of producing a high dimen-
sional latent state. The computational burden may be lowered by using improved
approximate transition densities, e.g. using the local linearization method (Shoji and
Ozaki; 1998a; |Singer; 2002), the backward operator method of |Ait-Sahalia (2002,
2008); [Stramer et al. (2010]) or the delta expansion of |[Li| (2013)).

Further research will also test other nonlinear models such as the Ginzburg-Landau
and the Lorenz model.
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